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Introduction

HE phenomenal increase in computational power and improve-

ments in numerical methods have brought spatially evolving
turbulent flows under computational scrutiny. This class of flows
involves a mean stream carrying turbulence into the domain of in-
terest (class I1.2.1 in Hunt and Carruthers'). In the direct numerical
simulations and large-eddy simulations (LES) of such problems,
a convecting turbulent stream needs to be imposed in the form of
an inflow boundary condition. One option is to specify an artificial
turbulent field at the inflow>~* and allow it to develop into realistic
turbulence inside the domain before it interacts with bodies and/or
undergoes changes that are to be studied. However, in some cases
(e.g., simulations of flow over a bluff body with a C or O mesh), the
associated cost is prohibitive as the grid might not be easily extended
to include such a development zone. The second option is to carry
out a separate simulation, which acts as the development zone, and
impose the resulting realistic turbulent field at the inflow bound-
ary. The method described herein follows the second approach for
generating long time sequences of realistic turbulence that can be
specified at the inflow boundary.

We consider compressible turbulent flow in an arbitrary do-
main with a nominally uniform mean flow. The coordinate system
(x, ¥, z) is such that the mean stream is aligned with the x axis. The
incoming flow is assumed to consist of a “frozen” turbulent field
being convected by the mean across the inflow boundary. The time-
varying boundary condition can then be obtained from the frozen
turbulent field by converting, through Taylor’s hypothesis, the x co-
ordinate to time.? The problem of providing inflow turbulence then
reduces to an accurate description of the frozen field. The simplest
approach is to obtain a realistic field of turbulent flow, with desired
characteristics (Reynolds number, length scale, intensity etc.), from
a separate calculation. However, this approach can turn out to be
very expensive. For example, in the freestream turbulence (FST)-
induced bypass transition of a boundary layer, statistical conver-
gence requires at least 10 flow-through times, making the inflow
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turbulence calculation 10 times larger than the problem of interest.
This limitation can be overcome by catenating, in random order,
turbulence in smaller boxes provided that the catenation is carried
out without significant modification of turbulence characteristics.
Exploiting isotropy, if present, and reusing individual boxes, a long
time record can be generated with a limited number of realizations.
Compared to the brute-force method of simulating a long box of
turbulence with the required characteristics, this procedure is not
only cheaper but is also capable of generating inflow turbulence
with time-varying characteristics. This can be achieved by slowly
varying the properties of turbulence from one box to the next, which
is not possible if a single box is used. In the rest of this Note, we
only consider homogeneous isotropic freestream turbulence, which
covers a large class of problems that involve grid-generated turbu-
lence. However, the method used herein can be easily extended to
other types of disturbances such as sheared turbulence.

Combination of Velocity Fields

Consider two independent, identically distributed (iid) random
velocity fields u" and u®. Let u be a linear combination of the
form
eY)

u = auV + pu®

where o and B are scalar constants. If u"” and u® are velocity fields
corresponding to homogeneous isotropic turbulence, their mean is
zero, as is that of the new field u. Furthermore, the two-point corre-
lation R;;(r) for the new field u,

Rij(r) = (u;(x)u;(x + 1) = o (u” x)u'’ (x + 1)
+B(u? @uy x + 1))

+ap [<u§l>(x)u_(/.2) (x+ r)> + (ul@ (x)u.(,.l) x+ r))]

reduces to

(@)

Rij(r) = (@ + BHR}) €))
by virtue of uV and u® being iid, where the angled brackets () in-
dicate an averaging (volume average suffices for the homogeneous
fields under consideration). To retain the second-order statistics of
the original fields #" and u'®, an appropriate rescaling of the defi-
nition in Eq. (1) is required. This renormalization yields

u=af\/a>+pu? + B/ + pu® )
Using trigonometric identities, this can be rewritten as
u=cosO u'? +sin@ u® (5)

The new field so obtained retains the zero mean value and second-
order statistics of the original fields. This linear combination can be
generalized by smoothly varying 6 from one field to another over a
blending zone. As shown in Fig. 1a, 0 is increased from O to /2 in
the blending zone. With § =6 (x) and () restricted to averaging in
y —z plane, the single-point statistics are preserved, as are two-point
correlations in the y — z plane. However, along the blending coordi-
nate (x direction), the two-point statistics are modified. The extent
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Fig. 1a Blending function (——) 0 < 8(x) < 7r/2 for joining two turbu-
lence realizations.
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Fig. 1b Turbulent vorticity fluctuation before and after blending. For
clarity, the second half of the first data set and the first half of the
second data set are shown together on top. The blended data of the
corresponding range are shown at the bottom: y———and .-, w
inx,y,z directions, respectively. The blending zones are marked between
dashed lines in both graphs.

of this modification can be estimated by considering the following
two-point correlation:

(ui)u;(x + 1)) = ([ cos@u” + sin(@)u;”]
x [cos(® + @)u' + sin(@ + ¢p)u'”]) (6)

where ¢ (x, 7)) =6(x + r;) —0(x). Because uV and u® are inde-
pendent, Eq. (6) reduces to

(u; @X)u;(x +r)) = [cos(f) cos(d + ¢) + sin(0) sin(f + ¢)]
X Rij(r) = cos(@)R;; (r) (N

The two-point correlation in the blended field is therefore lower than
the original fields by a factor of cos(¢). Expanding 6 (x + r) using
Taylor’s series about x and using the series expansion for cos(¢),
this reduces to

R : < g
(u; u;(x +r)) = ~5 Vla + - | R () (®)

From this expression, an estimate for the size of the blending zone
can be obtained. Requiring that the two-point correlation between
points separated by one integral length scale r; = £ in the x direction
is not to change by more than e, this yields an estimate for the
gradient (d6/dx)may as

do V2e

which can be used to determine the blending length Ly as

N /2 T
(d9/dxX)max  24/2¢

This expression indicates that the blending length L p has to be large
to minimize the modification of the two-point correlation in the x
direction by the blending procedure.

The dependence of 6 on x within the blending zone also intro-
duces an extra term D, in the dilatation field:

V= e @[7 ] 4 5[V 4]+,

Lg L (10)

do
D, = [—sin@® u” + cos®)u®] — a1
dx

In incompressible flows, D, violates mass conservation, whereas in
compressible flows it can cause large artificial pressure fluctuations.
This undesired dilatation can be removed by a projection method
based on the Helmholtz decomposition theorem for the velocity
vector u

u=VxA+Vegp (12)

where A and ¢ are the vector and scalar potential of u. The scalar po-
tential ¢, corresponding to the extra dilatation D, satisfies a Poisson
equation obtained by taking the divergence of Eq. (5):

Vg, =D, 13)

This equation is solved with homogeneous boundary conditions in
the x direction and periodic in the other two directions. Subtracting
Vg, from u yields the final expression of the blended velocity z as

i=u—Vo, (14)

Application

Two sample data sets of decaying homogeneous isotropic turbu-
lence are used to demonstrate the blending procedure. These fields
are obtained through LES in a rectangular box of aspect ratio 4:4:1.
The filtered compressible Navier—Stokes equations are solved us-
ing sixth-order compact finite difference scheme and fourth-order
Runge—Kutta time integration. The dynamic model,> with Simp-
son’s rule as the test filter, is used to approximate the subgrid terms.
The Reynolds number based on the integral length scale and rms
value of velocity fluctuation is 240, and the number of grid points is
128 x 128 x 32. The two simulations are initialized with solenoidal
velocity fields having the same energy spectrum but independent
phase relationships. After the turbulence statistics such as intensity
and length scale reach predetermined values, a snapshot of each
flowfield is taken. The two data sets can be regarded as different
realizations of the same turbulent statistical state, to which the pre-
ceding blending procedure is applied. In general, the blending zone
should be kept small compared to the box length to minimize mod-
ifications to the original data sets. On the other hand, as shown in
Eq. (10), the blending zone has to be long for the change in second-
order statistics in the x direction to be small. As a compromise, the
size of the blending zone is taken as é of the box length. The results
for blending over 1/16 of the box length are found to be similar. The
turbulent vorticity distribution, plotted in Fig. 1b before and after
blending, shows the smoothness of the blending.

As a real example, the blending procedure is used in LES of
freestream turbulence induced heat-transfer enhancement at a tur-
bine blade leading edge. This simulation uses fourth-order finite
difference and fully implicit time-marching schemes.%” Twelve dif-
ferent realizations of homogeneous isotropic turbulence with inten-
sity Tu = 5% and integral length scale £/D = 0.1 are precomputed,
lined up spatially, and joined together by applying the blending pro-
cedure at the interface between consequent fields. The result is a box
of turbulence 12 times longer than each individual realization, but
with the same characteristics as each one. The FST so produced im-
pinges upon an elliptic leading edge of an isothermal flat plate from
1.5D upstream. The distribution of the averaged Frossling number
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Fig. 2 Distribution of averaged Frossling number along the surface:
, LES with FST; ———, laminar value without FST; and o, exper-
iments by Van Fossen et al.® Turbulence intensity is 5% and integral
length scale 0.1 D.

-
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Fig. 3 Development of skin-friction coefficient along the flat plate with
momentum thickness Reynolds number Reg: , simulation result;
———and - - - -, laminar and turbulent values; and o, experimental re-
sults of Roach and Brierley!! case T3A. Lower figure is a plan view of
spanwise velocity contours showing bypass transition. Note the turbu-
lent spot centered around x ~ 2.6 and a fully turbulent region down-
stream of x ~ 3.75.

Fr=Nu/./(Re) on the surface is compared against experimental
measurements® in Fig. 2, where Reynolds number Re is based on
the inflow velocity U and the leading-edge diameter D, and Nu is
the Nusselt number. Both the computation and experimental results
show that the surface distribution of the heat-transfer coefficient is
essentially the same as in the laminar case, but its amplitude is sig-
nificantly increased by the freestream turbulence. The LES result
is slightly lower than the experimental measurements as not all of
the turbulence scales are resolved in the computation. Furthermore,
this procedure has also been successfully applied in LES of bypass
transition as a result of freestream turbulence.’ This simulation uses
compact staggered schemes'® implemented and validated in curvi-
linear coordinates. In this case, a flat plate with a superellipse leading
edge of aspect ratio 10 is subjected to FST of intensity Tu = 3.3%.
The integral length scale of FST is of the same order as the leading-
edge diameter D and the Reynolds number Re =U D /v =3 x 10°.
The inflow boundary is placed 7.5D from the leading edge. The
plot of skin-friction coefficient shown in Fig. 3 shows good agree-
ment with the the experiments of Roach and Brierley.!! The onset of

transition in both cases is around Rey ~ 300, and transition is com-
pleted by Rey ~ 550. The simulation lies below the Blasius value
for Rey < 140 as this corresponds to the adverse pressure gradient
region of the leading edge. Contours of spanwise velocity fluctua-
tion in the boundary layer, also shown in Fig. 3, show a turbulent
spot followed by a fully turbulent boundary layer.

Conclusions

A blending procedure is described for combining realizations of
homogeneous isotropic turbulence into a unified field that serves
as a realistic representation of freestream turbulence. Different re-
alizations are catenated by a smooth blending function, and extra
dilatation is removed using Helmholtz vector decomposition theo-
rem. The combined field preserves the turbulence intensity, and the
change to other statistical quantities are shown to be minimal. This
simple yet effective method could be useful in other direct or large
eddy simulations in which effects of sustained freesteam turbulence
are important.
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